Abstract: We discuss the construction and factorization pattern of several resolvent polynomials that are useful for computing Galois groups of degree 15 polynomials. As an application, we develop an algorithm for computing the Galois group of a degree 15 polynomial defined over the 5-adic numbers. This algorithm is of interest since it uses substantially fewer resolvents than the traditional method for computing Galois groups.
Introduction
Let p be a prime number. An important problem in computational number theory is to determine the Galois group of an irreducible polynomial f defined over the field of p-adic numbers Q p . If the degree of f is either equal to p or is not a multiple of p, then it is straightforward to compute the Galois group of f (see for example [1, 12] ). Otherwise, the situation is more complicated, with no practical general algorithm currently available. However, several researchers have developed ad hoc techniques that depend on both the degree of f and the prime p ( [2, 3, 4, 5, 6, 7, 11, 12, 13] In this paper, we focus on determining the Galois group G when the degree of f is 15 and p = 5 (lower degrees have already been treated). Since the elements of G act as permutations on the roots of f , once we fix an ordering on the roots, G can be considered a subgroup of S 15 , well-defined up to conjugation (different orderings correspond to conjugates of G). Since f is irreducible, G is a transitive subgroup of S 15 ; i.e., there is a single orbit for the action of G on the roots of f (each orbit corresponds to an irreducible factor of f ). Therefore our aim is to identify G among the 104 transitive subgroups of S 15 , following the naming convention that is implemented in [9] . All permutation group computations described in this paper were performed with [9] , making extensive use of its transitive group data library. In particular, GAP contains all relevant data concerning transitive groups of S 15 needed for our work.
The remainder of the paper is structured as follows. Section 2 introduces the basic properties of ramification groups to give structural information on possible Galois groups over Q p . As a consequence of this section, we will show that only 24 of the 104 transitive subgroups of S 15 are candidates for Galois groups of degree 15 polynomials over Q 5 . These groups are listed in Table 1 . The goal then becomes to compute enough invariants to uniquely identify the Galois group from among these 24 possibilities.
In Section 3, we introduce three invariants associated to a polynomial's stem field; namely, the size of its automorphism group, its discriminant, and the Galois groups of its proper, nontrivial subfields. These invariants are enough to distinguish 6 of the 24 possible cases. In the next section, we introduce three resolvent polynomials that are able to distinguish the remaining 18 cases. Table 2 contains information about these invariants.
Since the number of isomorphism classes of degree 15 extensions of Q 5 is finite [14, p.54] , it is possible to compute a defining polynomial for each extension and implement our algorithm to compute the polynomial's Galois group. In the final section, we have included such data in the cases where the Galois group is among the set {T1, T2, T3, T4, T6, T7, T8} (see Table ? ? for a summary). These results comprise 39 of the 1012 extensions and are contained in Tables 3 and 4 . Data for the remaining cases is available by emailing the first author. 
Ramification Groups
The aim of this section is to introduce the basic properties of ramification groups (over general p-adic fields) and use those to deduce structural information about degree 15 extensions of Q 5 . A more detailed exposition can be found in [18] .
Definition 2.1. Let L/Q p be a Galois extension with Galois group G. Let v be the discrete valuation on L and let Z L denote the corresponding discrete valuation ring. For an integer i ≥ −1, we define the i-th ramification group of G to be the following set
The ramification groups define a sequence of decreasing normal subgroups which are eventually trivial and which give structural information about the Galois group of a p-adic field, as the following result shows.
Proposition 2.2. Let L/Q p be a Galois extension with Galois group G, and let G i denote the i-th ramification group. Let p denote the unique maximal ideal of Z L and U 0 the units in L.
(b) The group G 0 /G 1 is cyclic and isomorphic to a subgroup of the group of roots of unity in the residue field of L. Its order is prime to p.
(c) The quotients G i /G i+1 for i ≥ 1 are abelian groups and are direct products of cyclic groups of order p. The group G 1 is a p-group.
(d) The group G 0 is the semi-direct product of a cyclic group of order prime to p with a normal subgroup whose order is a power of p.
(e) The groups G 0 and G are both solvable.
Proof. We note that U 0 /U 1 is isomorphic to the multiplicative group of the residue field of L. For i ≥ 1, U i /U i+1 is isomorphic to the additive group of the residue field.
Part (a) follows from Proposition 4.2.7 in [18] . Part (b) follows from part (a). Since every subgroup of the residue field is a vector space over Z/p, every subgroup of U i /U i+1 is a direct sum of cyclic groups of order p. That G 1 is a p-group follows since
which proves part (c). Since G 0 and G 1 have relatively prime order, there exists a subgroup of G 0 that projects isomorphically onto
Since G/G 0 is isomorphic to the Galois group of the residue field, it is cyclic. Part (e) follows from general results on solvability.
Specializing to the case where L is the splitting field of an irreducible degree 15 polynomial defined over Q 5 , we see that G is a solvable transitive subgroup of S 15 ; of which there are 64. Furthermore, G contains a solvable normal subgroup
Direct computation on the 64 candidates shows that only 24 are possible Galois groups.
We identify these groups in Table 1 using the transitive numbering system in [9] (see the T column). The table also includes a few additional defining characteristics of each group. Later in the paper, we will reference these groups using only their T number.
Stem Field Invariants
As before, let f be a degree 15 polynomial defined over Q 5 , and let G be its Galois group. Our aim in this section is to introduce three field-theoretic invariants, related to the stem field of f , that will aid in our computation of G.
First, we consider the stem field of f and its corresponding subgroup H (under the Galois correspondence). In this case, H is isomorphic to the point stabilizer of 1 in G. Our next results relates the automorphism group of f 's stem field to the normalizer of H in G.
Proposition 3.1. Let K/Q 5 be the stem field of f , G the Galois group of f , and H ≤ G the subgroup of G corresponding to K under the Galois correspondence. Then the automorphism group of K/Q 5 is isomorphic to N (H)/H, where
Proof. Each σ ∈ G restricts to an automorphism of K if and only if σK = K. This in turn is true if and only if the subgroup fixing K equals the subgroup fixing σK. Now the subgroup fixing σK is equal to the collection of elements τ ∈ G such that τ σk = σk for all k ∈ K; i.e., all τ ∈ G such that σ −1 τ σk = k for all k ∈ K. This means σ −1 τ σ fixes K. Since H is the subgroup that fixes K, σ −1 τ σ ∈ H; i.e., τ ∈ σHσ −1 . Therefore, the subgroup fixing σK is σHσ −1 . So the automorphisms of K are precisely the elements of N (H), the normalizer of H in G.
But two such elements of the normalizer might restrict to the same automorphism. Specifically, let α, β ∈ N (H). Then αk = βk for all k ∈ K if and only if α −1 βk = k for all k ∈ K. As before, this means α −1 β fixes K. So α −1 β ∈ H; i.e., β ∈ αH. Thus the elements in G that restrict to distinct automorphisms of K correspond precisely to the cosets of H in N (H). The last sentence in the statement of the proposition now follows immediately.
Another invariant we employ is related to the discriminant of f . We say the parity of the polynomial f is + if the discriminant of f is a square in Q 5 ; otherwise, the parity is −. On the group theory side, the parity of a polynomial's Galois group is + if G ⊆ A 15 and − otherwise.
The third invariant we consider is related to the list of the Galois groups of the Galois closures of the proper nontrivial subfields (up to isomorphism) of the stem field of f . We call this the subfield Galois group content of f , and we denote it by sgg(f ). Proposition 3.2. The set sgg(f ) is an invariant of G. In other words, if f 1 and f 2 have the same Galois group, then sgg(f 1 ) = sgg(f 2 ). Proof. Let K be the stem field of f , G the Galois group of f , and H ≤ G the subgroup of G that corresponds to K under the Galois correspondence. The non-isomorphic subfields of K correspond to subgroups F of G (up to conjugation) that contain H. Now let g(x) define a subfield F of K and let E ≤ G be the subgroup that fixes F . Then the Galois group of g(x) corresponds to the smallest field that contains F and all roots of g, which in turn corresponds to the largest normal subgroup of G contained in E. The largest normal subgroup of G that is contained in E is the normal core, Core(E), of E in G. Alternatively Core(E) is the intersection of all conjugates of G, or equivalently the kernel of the permutation representation of G acting on the cosets G/E. Therefore the Galois group of g is G/Core(E), proving that sgg(f ) is an invariant of G.
For example, consider the polynomial x 15 + x 2 + 2, which defines the unique unramified degree 15 extension of Q 5 . Thus the Galois group G of this polynomial is cyclic of order 15. Since the transitive group notation in [9] lists cyclic groups first, the T -number of G is 15T1. By the fundamental theorem of Galois theory, since G has a unique cyclic subgroup for every divisor of its order, the stem field of f has unique subfields of degrees 3 and 5. These subfields define the unique unramified extensions of Q 5 of their respective degrees, and therefore their Galois groups are also cyclic. Thus sgg(f ) is {3T1, 5T1}.
In general, to compute sgg(f ), we can make use of the complete lists of cubic and quintic 5-adic fields determined in [12] (these lists include defining polynomials along with their Galois groups). For each polynomial in these lists, we can use Panayi's p-adic root-finding algorithm [15, 17] to test if the polynomial has a root in the field defined by f , which occurs if and only if this polynomial defines a subfield of f 's stem field. Continuing in this way, it is straightforward to compute sgg(f ).
For each of the 24 possible Galois groups of degree 15 extensions of Q 5 , Table 2 shows their respective data for [N (H) : H], parity, and sgg content, with the groups sorted based on their corresponding characteristics. Notice that these three invariants are enough to uniquely identify the six Galois groups 15T1, 15T3, 15T4, 15T6, 15T8, and 15T11.
To distinguish between the remaining 18 Galois groups, we make use of three resolvent polynomials, two of which are linear resolvents (in the sense of [19] ).
Three Resolvent Polynomials
We begin with a definition of a general resolvent for degree 15 polynomials. Definition 4.1. Let f (x) be an irreducible polynomial of degree 15 defined over Q 5 , and let G be the Galois group of f . Let T (x 1 , . . . , x 15 ) be a polynomial with integer coefficients. Let H be the stabilizer of T in S 15 . That is,
We define the resolvent polynomial R T (x) by
where S 15 /H is a complete set of right coset representatives of S 15 modulo H and where r 1 , . . . , r 15 are the roots of f (x).
The main theorem concerning resolvent polynomials is the following. Proof. Let K be the stem field of R T (x). Then by construction, the subgroup that fixes R T is H. Thus the splitting field of R T corresponds to the kernel of the permutation representation of G acting on S 15 /H. Therefore, the Galois group of R T is isomorphic to G mod this kernel; i.e., to the image of the permutation representation. As a consequence, this theorem implies that the list of degrees of irreducible factors of R T is the same as the length of the orbits of the action on the cosets. In particular, the degrees of the irreducible factors of R T can be determined by a purely group-theoretic computation.
Our three resolvents are constructed as follows. First consider the following multivariable functions.
• Let )(x 12 − x 10 )(x 12 − x 5 )(x 12 − x 6 )(x 12 − x 7 )(x 11 − x 13 )(x 11 − x 8 )(x 11 − x 9 )(x 11 − x 10 )(x 11 − x 5 )(x 11 − x 6 )(x 11 − x 7 )(x 13 − x 8 )(x 13 − x 9 )(x 13 − x 10 )(x 13 − x 5 )(x 13 − x 6 )(x 13 − x 7 )(x 8 − x 9 )
It is straightforward to compute the stabilizers of these forms:
• T 1 is stabilized by the subgroup H 1 generated by {(1,2), (3, 4) , (3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15) }.
• T 2 is stabilized by the subgroup H 2 generated by {(1,2), (1,2,3), (4, 5) , (4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15) }.
• T 3 is stabilized by the subgroup H 3 generated by {(1,2), (3, 4, 5) , (4, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15) , (3, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15) }. note, the subscript gives the degree of the resolvent polynomial. Table 2 gives the degrees of the irreducible factors for each resolvent, depending on the Galois group of f .
Sample Defining Polynomials
In this section, we give defining polynomials for all extensions whose Galois groups have order ≤ 60. This corresponds to polynomials with Galois group equal to T1, T2, T3, T4, T6, T7, or T8. Note, defining polynomials for these extensions can be computed with a built-in command in [16] (there are a total of 1012 such extensions). Tables 3 and 4 give 39 polynomials defining the above-mentioned extensions. Also included are the ramification index e of each extension and the discriminant exponent c; i.e, the integer c such that the extension's discriminant is (p c ). The remaining data are available by emailing the first author.
